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1. INTRODUCTION 
The purpose of this paper is threefold. First, using generating-function 
methods, the following result will be proved (Comtet [2], Proposition 7, 
translation): 
THEOREM 1.1. Let c(n, k) be the number of systems T whose k elements 
are each of them non-null subsets of a given set S of size n, such that every i E S 
appears in exactly two distinct subsets of T. Then: 
WY, z) = c 4% 4 . Y” ; 
?I.%>0 
= exp 1-Y - f (exp z - l)/ m;. 5 exp ] m(nz 2 ‘) ’ 1. 
/ 
Second, it will be pointed out that there is, from a formal power series 
standpoint, a problem in making the substitution of 1 for y in %?( y, z) required 
to obtain the series V(1, z), whose coefficients c(n) = &o c(n, k) give the 
total number of systems T, regardless of the number of subsets the system T 
contains. 
Third, the series Q?(l, z) is presented in a form different from that of 
Comtet 121, and more amenable to the derivation of a linear recurrence 
relation for the coefficients c(n). The calculation of c(n) by this recurrence 
relation is seen to be O(n2), i.e., the number of steps necessary to obtain c(n) 
is less than a constant multiple of n2 for all integral n. 
We first define some terms. 
DEFINITION 1.1. Let N = (0, 1, 2 ,... }, N, = (0, 1, 2 ,..., n}, P = (1, 2 ,... }, 
P, = (1, 2,..., n>. Let B(S) be the set of all subsets of S. Consider a set S 
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of mathematical objects, along with a set F of functions f: S ---f 9(P). A 
further condition is put on S as follows. For any function g: F + N, let 
(I,: f E F) be a family of subsets of with j Z, j = g(f). Then card nfeFf-l(Zf) 
is finite and depends only on g. By a symmetricproblem II@, F) in enumeration 
we mean a question of the form: 
What is the number JV( g) of objects u in S with f(u) = Z, for all f E F? 
Associated with this problem II(S, F) is the exponential generating function: 
where O! = 1 and n! = n[(n - I)!] for all n E P. 
Let ZZ(S, F) and ZZ(S’, F’) be symmetric problems in enumeration such that 
there exist bijections h: S f-, S’ and $J: F f-) F’ withf(u) = [$(f)]@(o)) for all 
u E S, f E F. Then the two problems are said to be equivalent, 
Hereafter let exp(x) = xnEN P/n! . 1 
In Definition 1.1, we are considering objects u ES with several sets of 
labelled parts. Each function f corresponds to a set of such parts. 
We now proceed to present without proof, for the record, certain well- 
known theorems basic to generating function methods in enumerative 
combinatorics. All series here are formal power series in the sense of Tutte [5]. 
THEOREM 1.2. Equivalent problems have the same exponential generating 
function. 
THEOREM 1.3 (Addition Theorem). Let {Si: i E P} be a family of sets of 
mathematical objects with S, n S, = aforalln #mfP.LetIT(S,,F)bea 
symmetric problem in enumeration for all i E P. Then O(U,,, Si, F, x) = 
LP @G , F, 4. 
THEOREM 1.4 (Multiplication Theorem). Let fl(S, F) and Ii’@‘, F’) be two 
symmetric problems in enumeration. Consider a bijection p: F--t F’ such that 
p(f) = f ‘. Let s” be the set of all ordered pairs (a, u’), u ES, u’ E s’, such 
that f (a) n f ‘(a’) = % for allf 6 F. Let F” be the set of allfunctions f If, where 
f “(u, u’) = f(u) U f ‘(a’). Then @(S”, F”, x) = @(S, F, x) @(S’, F’, x). 
THEOREM 1.5 (Exponentiation Theorem). Let 17(S, F) and U(S’, F’) be 
two symmetric problems in enumeration, with s’ the system of subsets T of S 
such that ift, t’ E T, f(t) n f(t’) = 0, and with a bijection ,LL: F---f F’ such that 
p(f) = f’ and f’(T) = Uttrf(t). Let no s ES satisfy f(s) = 0 for all f E F. 
Then @(S’, F’) = exp @(S, F). 
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2. THE RESULT OF COMTET 
Theorem 1.1 will be proven after setting the foundation by providing some 
definitions. 
DEFINITION 2.1. A proper bicovering of a set T is a system of unequal 
subsets of T such that every i E T appears in eaxctly two different members of 
the system. An ordered bicovering of T is a function b from a subset A4 of P 
to Y(T) such that every t E T is in exactly two integer sets f(i) and f(j) for 
some i,jEM. m 
Proof of Theorem 1.1. Let S be the set of all ordered bicoverings b of 
subsets of P in which no set is null and no b(i), b(j) are equal, i + j. Let 
F = {,fi , f2>, where f,(b) is M and f2(b) is T, M and T from Definition 2.1. 
Set x,, = y and xY2 = z. 
Let s” be the set of all ordered bicoverings b of subsets of P. Let 5”’ be the 
set of all ordered bicoverings which contain only null sets and duplicated sets. 
Then if F = F’ = F”, the problems n(S, F), 17(s’, F’) and II(S”, F”) 
obey the conditions of the Multiplication Theorem, so that O(S”, F”) = 
@(S’, F’) @(S, F). 
Further, because there is only one ordered bicovering (of the null set) 
containing only null sets for each subset M of P, the exponential generating 
function of the system of such sets is x:nsN I . ( y”/n!) = exp y. Also if T’ 
is the system of ordered bicoverings which contain only duplicated sets, 
F = F’, and if T is the set of all ordered bicoverings {C, C), C f 2, then 
T, T’, E, and P’ obey the conditions of the Exponentiation Theorem and 
O(T, F) = (y2/2)(exp z - I), so that: 
@(S’, F’) = exp y exp $ (exp 
I 
z - 1) . 
1 
Hence: 
0 
@(S”, F”) = exp y + $- (exp z - 
t 
1) 
I 
O(S, F). (1) 
We now proceed to determine @(s”, F”) in a different way. Given the set S* 
of all functions c: {{i,jj: i =# j E M} -+ .9(P) such that 
(i) c{i,.jj n c(k, 1: f Qr implies {i,,j] = {k, Z>. 
Let F* = { ff,fz}, where f,“(c) = M and f:(c) = c(((i,,j]: i # ,j E M}). 
Then fl(r, F”) and II@*, F*) are equivalent; fi and fr correspond under #I, 
as do fi and f $; the one-one correspondence X is established by letting b be 
the ordered bicovering such that b(i) n b(j) = c{i,j]. The condition (i) 
on c follows from the fact that b is an ordered bicovering and thus b(i) n 
b(j) n b(k) = @ if i, j and k are distinct elements of M. 
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Considering the bijection ol: P,(,-,),, -{{i,j): i #jEM},whereIMj =rn, 
we let S’!,$!,$ be the set of all ordered m(m - 1)/2-tuples (c(~(l)), c(42)),..., 
c(a(m(m - 1)/2))) where c E S*. The problems II@‘: , F*) and fl(S*, F*) are 
also equivalent, the correspondence X as indicated in the definition of S*. 
Further, since the exponential generating function for subsets of P is exp z, 
then by m(m - I)/2 - 1 applications of the Multiplication Theorem: 
O(S,* , F*) = 5 {exp z}~(~-~)/~, 
Hence, by the Addition Theorem: 
@(S”, F”) = C 5 {exp ~}~(+l)/~. 
.TMN 
(2) 
Therefore from (1) and (2): 
O(S, F) = exp 1-y - $ (exp - I)/ 1 5 {exp ~)m(+-l)/~. 
V?EN 
Lastly, for every proper bicovering with k sets, there are k! ordered 
bicoverings with no null sets and no duplicated sets. Therefore, O(S, F) = 
c n,kcN c(n, k) ~+(z”/n!). This completes the proof of the theorem. 1 
It can now be seen that: 
= @@, F> I I,=, 
-y - f (exp z - 1) C 5 {exp Z}m(m-l’~ . 
mGN . I ?d=l 
But here there is a difficulty. Neither the series: 
exp ! --Y - + (ew z - l)/(vzl 
nor the series: 
mTN 5 {exp ~]~(~-l)/~ /y=l 
exists, although their product series is equal to O(S, F) IV+ . This fact will 
present problems when we attempt to obtain a linear recurrence relation for 
c(n) by determining a differential equation for @(S, F) lyzl , the standard 
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procedure after obtaining the generating function O(S, F) Iy=l explicitly. In 
fact, such a linear recurrence relation has never before been obtained in this 
manner to the author’s knowledge. Comtet [2] obtained an explicit formula 
for c(n) directly, and derived the generating function CnPN c(n)(z”/n!) 
afterwards. This situation will be remedied in the next section. 
3. AN ALTERNATIVE METHOD AND ITS CONSEQUENCES 
The subject of this section is the derivation of a second expression for 
c IEN c(n)(z”/n!) which will be more amenable to the subsequent obtainment 
of a linear recurrence relation for c(n). This derivation will be accomplished 
by using the theorems of Section 1, but different combinatorial considerations. 
A by-product is a series identity. 
DEFINITION 3.1. Let P’ = {i’: i E P} such that i’ = j’ implies i = j and 
i’ # j for all i, j E P. Also let PA = (i’: i E P,}. (P’ is just a second copy of P, 
as PA is of the set P, .) For any set T C P u P’ let T’ be the set {i’: i E T n P} u 
{j:,j’ E T n P’}. 
A partition of a set T is a system of disjoint nonnull subsets of T whose 
union is T. A labelled bicovering of a set T u T’, T C P, is a partition of 
T u T’ with no subsystem {U, U’j, UC P u P’, and no set in the system 
having subset (i, i’j, i E P. fl 
THEOREM 3.1. Let c(n) be the number of proper bicoverings of P, , and 6, 
be the number of partitions of P, . Then: 
Proof. There are exactly 2’” distinct labelled bicoverings of P, u Pi 
which can be transformed into a given proper bicovering of P, by the 
replacement of i’ by i, i E P. This can be deduced from the fact that if a 
labelled bicovering of P, u Ph is transformed into a second labelled bico- 
vering by replacing i by i’ and i’ by i for any i E M, given M C P, , the corre- 
sponding proper bicovering is the same for both labelled bicoverings. 
Therefore the symmetric problem of finding the number of labelled bi- 
coverings of M U M’, M a subset of P of size n, has exponential generating 
function xQsN *“c(n)(z”/n!). 
Now given MC P, with M of size m, the number of partitions of P, u PL 
in which i and i’ are in the same set for all i E M, is ban-,n , a Bell number 
(see Rota [4]), the number of partitions of Pen-,n. To show the corre- 
spondence between the two sets, we can without loss of generality consider 
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M = P, . In the appropriate set of a partition of PBn--m, we replace i E P, 
by the two elements i and i’, and we replace i = m + 2k, k E P,-, , by 
m + k and i = m + 2k - 1, k E P,-, by (m + k)‘. The result is a partition 
of P, u PA in which i and i’ are in the same set for all i E P, . This corre- 
spondence can be seen to be reversible. 
Therefore, by Inclusion-Exclusion, we can determine the number d, of 
partitions of P, u P,\ in which no two elements i and i’ are in the same set. 
The result is: 
rl, = c (;,) (-I),, bznpm .
TEN, 
Let S be the set of all labelled bicoverings of J u J’, J _C P with no sub- 
system {C, C’}, C _C P v P’, and no set in the system having any subset 
(i, i’}. Let F = {f}, when f(b) for b E S is the set J. Let S’ be the set of all 
unions of systems (C, C’} on a set K u K’, K _C P, such that no member of 
P u P’ is in two sets of two different systems. Let F’ = if’>, where f’(U) 
for b’ E s’ is K. Then S, S’ ,F and F’ obey the conditions of the Multiplication 
Theorem. Further, the corresponding problem fl(S”, F”, x) is equivalent to 
that of finding the number of partitions of P, u Pi in which no set of the 
system has subset {i, i’}. Thus: 
O(S”, F”, x) = 1 d, ; 
?lfZN 
and: 
i 
C &(n) $1 @(S’, F’) = & dn 5 . 
7ZEN 
But if we let S be the set of all systems {C, C’>, where C u C’ = J u J’, and 
o # JC P, Jof size n, and F = F’, then S, F, S’ and F’ obey the conditions 
of the Exponentiation Theorem, and thus, because @(S,F) = CneN 2+l(z”/n!), 
we have 
!zN 29(n) 51 exp (C 2+l$) = C dn 2 
7LEP 11EN 
as required. B 
COROLLARY. 
ZN$ I+ x& 
n 
(g (- 1)” L-nz j 
= 
r 
exp(-y) ,zN 5 (exp z)“(~-~)/~ 1 . t/=1 
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Proof. Directly from a comparison of the equations in the statements of 
Theorems 2.1 and 3.1. 1 
Now the computation of d, , given the Bell numbers bk , k E N, , is O(n). 
If we are given dk , k E N, , we can proceed as follows: We differentiate the 
result of Theorem 3.1 logarithmically to obtain: 
Hence, if we let 
then 
e, f envk - d, 1 c(k) = c(n + 1). 
The computation of e, given dk , k E N, , and that of c(n + 1) given eb and 
dk , k E N, , is O(nz). The entire calculation is therefore O(n2). 
This problem was also dealt with from the point of view of a general method 
applicable to all problems in enumeration (see Reilly [3] for details). See also 
Baroti [l]. 
REFERENCES 
1. G. BAR~TI, Calcul des nombres de birecouvrements et birevetements d’un ensemble 
fini, employant la methode fonctionnelle de Rota, in “Combinatorial Theory and 
its Applications I,” Vol. 4, pp. 93-103, Colloquia Mathematics Societatis Janos Bolyai, 
1970. 
2. L. COMTET, Birecouvrements et birevetements d’un ensemble fini, Sfudiu Sci. Math. 
Hungar. 3 (1968), 137-152. 
3. J. REILLY, A general procedure for solving problems in enumeration and its conse- 
quences, to appear. 
4. G.-C. ROTA, The number of partitions of a set, Amer. Math. Monthly 71 (1964), 498- 
504. 
5. W. T. TUNE, On elementary calculus and the Good formula, J. Combinatorial Theory 
Ser. B 18 (1975), 97-137. 
